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Abstract 
We discuss several 
tournaments. 
results and problems of even tournaments and Hadamard 
1. Introduction 
A (0, 1) matrix A of degree v is called a (round robin) tournament of order v if 
A satisfies 
A+At+I=J ,  
where t denotes the transposition, and I and J are the identity and all-one matrices 
of degree v, respectively. In other words A is the adjacent matrix of a complete 
asymmetric diagraph. 
A permutation matrix P of degree vsatisfying P 'AP  = A is called an automorphism 
of A, and the multiplicative group G(A) consisting of all automorphisms of A is called 
the automorphism group of A. The complete asymmetric property attached to 
A implies that G(A) has odd order, and hence, by the theorem of Feit and Thompson, 
G(A) is solvable. In this content we would like to make a wish: Some intrinsic property 
of tournaments will surface and help a simplification of a proof of the theorem of Feit 
and Thompson. 
A tournament A is called a Hadamard tournament if A satisfies further 
AA'  = (k - 2)1 + 2J, 
where v = 2k + 1, k = 22 + 1 and 2 is a non-negative integer. 
Let A(i) denote the ith row vector of a tournament A. Then A is called even if the 
inner product (A(i) ,A(j))  is even i # j  and is odd for i = j .  
Now the main problem for Hadamard tournaments i to settle the following 
conjecture: For every positive integer v which is congruent o 3(mod4) there exists 
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a Hadamard tournament of order v. It is believed to have an affirmative answer. It is 
easy to check that in order to settle the conjecture we may restrict v so that v is 
congruent to 3 (mod 8). We notice that any Hadamard tournament of such an order is 
even. 
In what follows we would like to discuss several questions on Hadamard tourna- 
ments and even tournaments. 
2. Questions on Hadamard tournaments 
Generally speaking we know very little of automorphisms and automorphism 
groups of Hadamard tournaments. 
First we recall Hadamard tournaments of quadratic residue type. Let q be a prime 
power which is congruent to 3 (mod 4), and GF(q) the field ofq elements. Let Q be the 
subgroup of the multiplicative group of GF(q) of index 2. Then a digraph D is 
constructed as follows. GF(q) is the set of vertices of D, and the set of arcs of D is 
defined by saying that for every vertex a the out-neighborhood f a is Q + a. It is well 
known that D is the Hadamard tournament A(q) of quadratic residue type and its 
automorphism group G(q) is a transitive on the set of arcs of A(q). 
Let A be a tournament and P a permutation matrix of the same degree. Then we say 
that PtAP is equivalent to A. This is a true equivalent relation. 
Now we can state the theorem of Kantor [11]: Let A be a Hadamard tournament of 
order v such that the automorphism group G(A ) of A is transitive on the set of arcs of A. 
Then A is equivalent to A(q) with v = q. 
Remark. (i) Kantor actually obtained more general results. We restricted his results 
to tournaments. (ii) Let A be a tournament. If G(A) is transitive on the set of arcs of A, 
then it is immediate to see that A is a Hadamard tournament. This seems to be an 
essential point of [1]. 
Up to now only known Hadamard tournaments with transitive automorphism 
groups are A(q). So we may ask our questions. 
Question 1. l f  A is a Hadamard tournament with a transitive automorphism group, then 
is A equivalent to A(q) ? 
We have the following theorem of Johnsen and Kelly 1"10, 12]: I f  the order of A is 
a prime p, then A is equivalent to A(p). 
A weaker version of Question 1 is the following. 
Question 2. I f  A is a Hadamard tournament with a transitive automorphism group, then 
is the order of A a prime power? 
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For this we have a theorem of Johnsen [10]: I f  G(A) contains an Abelian regular 
subgroup, then the order of A is a prime power. 
We also have a generalization of a theorem of Johnsen [7]: l fG  contains a regular 
subgroup, then the order of A is a prime power. 
In conjunction with this we would like to ask the following question. 
Question 3. Does G(q) contains a transitive subgroup which contains no regular 
subgroup? 
Now let A be a Hadamard tournament of order v and c a non-trivial automorphism 
of A. Let f(c) be the number of vertices left fixed by c. Then we putf(A) = maxf(c), 
where c runs over all non-trivial automorphisms of A. Here we refer to the following 
basic theorem of Feit [5]: 2f(A) + 1 does not exceed v. 
This is actually a theorem for a general symmetric 2-design. So we may expect an 
improvement for the bound if we restrict ourselves to Hadamard tournament. 
Question 4. Does f(A) 3 not exceed v, given that G(A) is transitive on the set of vertices. 
Before we go over to even tournaments we would like to add the following 
proposition. 
Proposition 1. Let A be a Hadamard tournament of order v with transitive auto- 
morphism group G(A). l f  f(A) = 3, then v is a power of 3. 
For basic facts used here in group theory see [4, 6]. 
We preceed two lemmas. 
Lemma 1. Let A be a Hadamard tournament with transitive automorphism group G( A ). 
I l l (A )  = 1, then G(A) contains a regular normal subgroup. Hence the order of A is 
a prime power. 
Proof. Let Ga be the stabilizer of a vertex a in G(A). Iff(A) = 1, then Go is a Frobenius 
subgroup of G(A). Hence by a famous theorem of Frobenius G(A) contains the 
Frobenius kernel N such that G(A) = NGo and the intersection of N and Ga is trivial. 
Clearly N is a regular normal subgroup of G(A). [] 
Lemma 2. Let A be a Hadamard tournament with transitive automorphism group G(A). 
Then f(A) = 2 is impossible. 
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Proof. Let a and b be relevant two vertices. We may assume that (a, b) is an arc of A. 
Then (b, a) is not an arc of A. Since the out-neighborhood f the vertex a contains the 
vertex b and since G(A) is transitive, the out-neighborhood f the vertex b must 
contain a further vertex. [] 
Proof of Proposition 1. By Lemmas 1 and 2 we may assume that G(A) is minimally 
transitive, namely no proper subgroup of G(A) is transitive. In fact, if v is a prime 
power andf(A) = 3, then it is easy to see that v is a power of 3. Then in [-73 we proved 
the following: There exists a prime p which is congruent to 3 (mod 4) such that v = pw 2, 
and p is called the distinguished prime of G(A ). In minimally transitive situation every 
prime divisor of the order of G (A) is a divisor of v. Thus every Sylow subgroup of G (A) 
leaves no vertex of A fixed. 
Let t be an element of G(A) fixing 3 vertices of A. We may assume that t has a prime 
order l and t fixes the vertices a, b and c individually. Let Ga be the stabilizer of the 
vertex a in G(A), and Ga(1) a Sylow /-subgroup of G~ containing t. Every central 
element of Ga(l) fixes the set S of vertices a,b and c, and hence it fixes a,b and 
c individually. Let G(l) be a Sylow/-subgroup ofG(A) containing G~(I). As mentioned 
above G(l) fixes no vertex of A. Hence the normalizer of Ga(1) in G(I) fixes S. This 
implies that I = 3. 
Obviously G~(3) is semiregular outside S. So if the order of G,(3) is bigger than 3, 
then v is congruent o 3 (mod 9). Hence 3 divides v only to the first power. So 
3 becomes the distinguished prime of G(A). Then, in [7], we proved that every normal 
maximal subgroup of G(A) contain G a and has index 3. Let M be one of them. Ga(3) is 
a Sylow 3-group of M and it is a Frobenius ubgroup of M. So M has the Frobenius 
kernel N which is a Sylow 3-complement of G(A). Let u be an element of G(3) outside 
Ga(3) and U the subgroup generated by u. Then NU is transitive and hence 
G(A) = NU. Clearly N is also the Frobenius kernel of G(A). Now a non-linear 
irreducible character X of G vanishes outside N. So X is 3-rational, and it is well 
known that the degree of X divides the order of G(A) and hence it is odd. Now when 
we consider G(A) as a permutation matrix group of degree v, by the Frobenius 
reciprocity theorem X appears as an irreducible component of G(A) with multiplicity 
which equals the degree of X divided by the order of Ga. However, in [7] we also 
proved that the multiplicity of non-trivial 3-rational character is even. This is a con- 
tradiction. Hence the order of G,(3) equals 3. 
Ga(3) is a Frobenius subgroup of G,. So G~ contains the Frobenius kernel N,. 
A non-trivial element of Na fixes only the vertex a. So if N, :~ 1, let Ga(m) be 
a non-trivial Sylow m-subgroup of G, and G(m) a Sylow m-subgroup of G(A) 
containing Ga(m). Then G(m) must fix the vertex a, which is a contradiction. So we 
obtain that N, = 1 and G~ = G,(3). 
If G~ is contained in the center of G(3), then G(3) fixes S and hence G(3) has order 9. 
So 3 is the distinguished prime of G(A). This situation is already eliminated above. 
Let Z be the center of G(3). Then the normalizer of G, in G(A) equals ZG, and ZGa 
has order 9. So by a theorem of Blackburn [-21 G(3) is a 3-group of maximal class. In 
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[2] the following facts are also proved. IfD is the commutator subgroup of G(3), then 
D is Abelian and the factor group G(3)/D is elementary Abelian of order 9. Moreover 
D does not contain Ga. Let L be the least normal subgroup of G(A) such that the 
factor group G(A) /L  is a 3-group. Now by a theorem of Cline [3] L is a proper 
subgroup of G(A). If L does not contain Go, then G has a normal subgroup M of index 
3 not containing Go. Then M is transitive against he minimal transitivity of G(A). So 
L contains G~. Then a Sylow 3-subgroup L(3) of L containing Ga is of maximal class 
or L(3) is Abelian of order at most 9. Then again by a theorem of Cline [3] or by the 
splitting theorem of Burnside L contains a proper normal subgroup of index a power 
of 3. This is a contradiction. [] 
3. Questions on even tournaments 
The main problem of Hadamard tournaments i  probably to settle the following 
conjecture: For every positive integer v which is a congruent o 3 (mod 4) there exists 
a Hadamard tournament of  order v. 
It is believed to have an affirmative answer. It is easy to check that in order to settle 
the conjecture we may restrict v so that v is congruent to 3 (mod 8). A Hadamard 
tournament of such an order is an even tournament. It seems to us that the considera- 
tion mod 2 of even tournament is rather effective, because if A is an even tournament 
then A (mod 2) is an orthogonal matrix. 
Now let at be the number of vertices of an even tournament A with out-degree i. 
Then obviously it holds that 
a 1 + ... +av_  2 = v 
and 
al + ... + (v -  2)av-2 = v(v -  1)/2. 
We obtained the following facts (see [8, 9]): 
(i) ai = 0 unless i is congruent to 1 (mod 4). 
(ii) If at or av-2 is positive, then alav-2 = 1. 
Question 5. Find further restrictions to the out-degree distribution of  even tournaments? 
Next let a and b be any two distinct vertices of an even tournament A. Then the 
number m(a, b) of vertices in the intersection of out-neighborhoods of vertices a and 
b is even by definition. 
Let mi be the number of vertex pairs a and b such that re(a, b) = mi. Then it holds 
that 
mo+m2+m,+. . .+m~, -3=v(v -1) /2  
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and, since a vertex with out-degree i belongs to out-neighborhoods of v - 1 - i 
vertices, 
2m2 + 4m4 + ... + (v -- 3)my-3 = ~ai(v - 1 - i)(v - 2 -- i)/2. 
In [9] we obtained that for every positive integer v which is congruent o 3 (mod 8) 
there exists an even regular tournament and proved that 
(i) if A is even and regular, then mo= 0, and 
(ii) if A is even and regular and mk- l is positive, then ink- 1 is no less than 3. 
Question 6. Find any further restriction to the numbers of  mi o f  an even tournament A? 
Furthermore, in [8] we obtained that there exist exactly 
2~k2-k+2)/2~(22i+ 1)1--[(22i+1 -- 1), 
where in the first product i runs from 1 to (k - 1)/2 and in the second product i runs 
from 1 to (k - 3)/2, even tournaments of order v which is congruent o 3 (mod 8). 
Proposition 2. There exist exactly 
V(V -- 1)2 (k2- 3k+4)/2 ]-](22i + 1) ]"](221+ 1__ 1), 
where in both products i runs from 1 to (k -  3)/2, even tournaments with a vertex of  
out-degree 1 and of  order v which is congruent o 3 (mod 8). 
Proof. As mentioned above there exists exactly one vertex with out-degree 1 if such 
a vertex exists. We arbitrari ly may determine the label of this particular arc. The factor 
v(v -1)  in the assertion corresponds to this fact. So we may assume that this 
particular arc is labeled (1, v). Then the principal submatrix B = (A(i,j)), where i and 
j run from 2 to v - 1, has the property that B + I behaves like A. So we go through all 
the steps required in [8] and we get the result. 
Question 7. Find the number of  even tournaments with the minimum out-degree 5 and of  
order v which is congruent o 3 (mod 8)? 
Finally we would like to mention that there are many other interesting questions 
connected with group theory. 
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